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The time-dependent angular pair correlation function is discussed and its
use in the analysis of inelastic neutron scattering experiments from poly-
atomic fluids is described, including both the coherent and incoherent
spectra, The set of formal results given here permits a systematic inter-
pretation of neutron inelastic scattering spectra on simple molecular
liguids. Neutron spectra second moments are reviewed, and a new result
for the fourth moment is given for the incoherent spectrum. Numerical
results for the moments are obtained. The fourth moment depends on the
mean squared torquc and the mcan squarcd force acting on a molecule
in the fluid, and may provide a means for studying intermolecular forces
in dense fluids. In addition, a method of calculating the correlation function
for weak anisotropic forces is outlined.
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1. INTRODUCTION

In his now classic paper, Van Hove®? showed that (in first Born approxi-
mation) the neutron inelastic scattering cross section for monatomic systems
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gives direct experimental access to the space-fime correlation function
G(R;R,2). This function gives the probability density that a molecule will
be at position Ry at time £, given that a molecule was at R, initially. The
fundamental relations obtained by Van Hove laid the foundation for the
interpretation of experimental studies of monatomic gases, liquids, and solids;
studying the cross section for a wide range of momentum and energy trans-
fers provides a probe of the structure and dynamics of the system (cf. Egel-
staff ® for a review).

Inelastic neutron scattering from polyatomic systems has been studied
for various models of free and hindered rotators (Sachs and Teller,*® Pope,*®
Zemach and Glauber,®® Krieger and Nelkin,® Sears®®-1®). The problem
has been formulated in a general way by Steele and Pecora®® in terms of an
angular space-time correlation function G(R;R,Q,Q,¢). This function gives
the probability of finding at time ¢ a molecule at R, with orientation €2,
given that a molecule was present at R, with orientation ; initially.

In this paper we first review the extension of the Van Hove formalism
to classical (rigid) polyatomic liquids. To make this section accessible to
experimentalists, we reformulate the theory in customary. neutron scattering
notation. The results are easily compared with the diffraction theory given
previously (Gubbins et al.®®). We also discuss the coherent and incoherent
scattering, and give some new results for the moments of the inelastic
scattering. Numerical results are given for the second and fourth moments.
For weak angle-dependent forces we outline a perturbation method of cal-
culating the pair correlation functions.

Section 2 defines the function G(R;R,Q,Q.t) and briefly considers its
properties. In Section 3 the relation between the scattering cross section and
the angular Van Hove correlation function is derived. This section is an
extension to the time-dependent case of the theory previously given by
Gubbins et al.'® for the structure factor S(g) for molecular fluids. Some
limiting cases are considered in Section 4. This is followed by the evaluation
of some low-order moments in Section 5. In the appendix we sketch the
perturbation theory for calculating G.

2. ANGULAR VAN HOVE CORRELATION FUNCTION

We first briefly define the notation to be used. Angle brackets will
denote a grand canonical ensemble average over initial values of the phase
of the system of N (rigid) molecules; thus for any function A of the phase

=3 [ axs vty (1)
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where

N N
Sy = ]Tfﬁﬁe—ﬁH”/NZON%jleTffdxl s dxy e”FHy ()
and 8 = 1/kT, z = exp(u/kT) is the activity, & is Planck’s constant, and x;
is an abbreviation for the phase coordinates R,, p;. £, and pg;; here R;
is the position of the center of mass of molecule i, p; is its linear momentum,
and pg, is the momentum conjugate to Q;, where Q, = ¢;, 8, y; are the Euler
angles. In (2) the N-molecule Hamiltonian is given by

N pi2 NQN & J,%
HN:iZlin—{_%N(R )+i=zlz’2_1; (3)

where %y is the potential energy of the N-molecule system, m is the molecular
mass, and J;, is the angular momentum along the principal axis «, and I, is
the moment of inertia along axis «. In what follows it will frequently be con-
venient to express the time dependence of a phase variable 4 in terms of the
N-particle streaming operator S,, defined by

S; = e'€nt “)
where %, is the Liouville operator,
3HN1_9HN_3_]_Z. N [8HNi_8HN__<’?_] ®)
op; R, R, op; 4 10poy 08 08 Opg;

N
Gy =—i> [
i=1
Physically, S; is the operator that changes the phase variables of a function
from their initial values to the values at time ¢ later, i.e.,

S, A(0) = Ax(t) (6)

We note that the term #,(R¥QY) in (3) leads to coupling of the rotational
and translational motions, as seen from (5); only when % is independent
of molecular orientations (free rotation) will these two motions be dynami-
cally independent.

The time-dependent angular pair correlation function G(R;R,€2; Q1)
is defined by

GRR, QL t) = (0257 < 3 3R, — R(O) 4R, — R(1)

X (0 — QU0) 5y — Q,(,))> )

where p is the number density, O = f dQ and is 4= for linear and 8=2 for
nonlinear molecules, respectively, and summations run from 1 to N. For a
homogeneous, isotropic fluid, G depends only on the relative position R =
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R; — R, and relative orientation Q = Q;, — Q,, ie., G can be written
G(RQt). An alternative form of (7) is

G(R,R;Q,Q5t) = (0%/p*) p(R;Q,0)p(R, Q1)) ®)
where
p(RQL) = 2 3R — Ri(1) 8(Q — Q(t)) Q)

is a local number density per unit solid angle for molecules with orientation
Q at R, t. Also, for an isotropic, homogeneous system

(RO = p/C) (10)
The angular Van Hove correlation function can be split into self and
distinct parts in the usual way, G = G, + G, where

GARuR,0:041) = (€21) 3, R = R(0) 3R, = R(©)

x 8(0; - 2(0) 40, - 90) ) (1
GulRaRa ) = (€15) 3 R = R(0) ¥R — R(0)
(0 — 20) 50, - 20) ) (12)

The self function G, is proportional to the probability density that a par-
ticular molecule will be at R,Q, at ¢, given that the same molecule was at
R, Q, initially, whereas the distinct function G, is proportional to the prob-
ability density that a molecule is at R,Q, at ¢ given that a different molecule
was at R,Q, initially.

The static limits of the self and distinct parts of G(R;R,Q,Q,¢) are
obtained by putting # = 0 in (11) and (12). For an isotropic, homogeneous
fluid

Gy(R;R2Q; Qyt = 0) = (Q/p) SR, — R;) 8(Q; — Q) (13)
Ga(R;RQ; Q,t = 0) = g(R,R, Q) (14)

In (14), g(R,R,Q;Q,) is the static angular pair correlation function, defined
as

BRR,0:00 = (@) S 3R~ R) 3R — R) 80— 2) K0~ 2) )
as)

which for rigid molecules becomes

0 Gronz” 2 oN-
BRRD) = 2o S ot | exp(—p2) are-2a0v-2 i6)
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where E is the grand partition function , ¢, is the rotational kinetic energy
partition function for a single molecule, and A = (h?/2amkT)/?

In the limit of large time or large |R, — Ry|, the molecules at (R;Q,0)
and at (R,Q,¢) are uncorrelated. Thus (8) gives

G(RiRxQ Qs = 0) = (Q%/p?){p(R1Q:0)>{p(R,Q500)> a7
For an isotropic, homogeneous fluid, (10) and (16) give
GR1R; 2,00t = 0) = 1 (18)
Also,
G(RRQ,Qt = 0) =0 (19)

with similar expressions (for all £) when |R; — Ry| — 0.

In addition to the angular Van Hove correlation function defined in
(7), it is also useful to define the Van Hove function for molecular centers,
G(R;R,?). This is proportional to the probability density that there will be
a molecule at R, at 7 given a molecule at R, initially, irrespective of the molec-
ular orientations. It is given by

G(Rlet) = <G(R1R291gzt )>le22 (20)
- (1/p2><2 SR — R(0)) S(R; — Rj(t))> 20)

where
oy = (1/0) f e d©, D, @1

In the final form of (20) it should be noted that the intermolecular potential
energy Z(RVQ") depends on molecular orientations; consequently, G(R,R,¢)
will be influenced by angular correlations between molecules, through both
the ensemble averaging and the time evolution of R(?).

It is similarly possible to define a correction function for molecular
orientations, G(Q,Q,¢); this gives the probability density that a molecule
has orientation Q, at time ¢, given that a molecule had orientation Q,
initially, irrespective of the positions R; and R, of the centers. It is defined by

G(Q,Q,1) = (GR;RQ, Qot g v,
~ QN5 S 350, — 0(0) 5(Q, — Q, 2
© )<2 ( ) & (r)>> 22)
where

Cdramy = (V) f - dR, dR, @3)
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and N, = (N> = pV. The self-part of G(,Q,¢) arises in the theory of
rotational diffusion.

For monatomic fluids the averaging over orientations in (7) can be per-
formed immediately to give

GRRy) = (1/p2)<; SR, — R(0)) 5(R, — Rj(t))> 4)

which is the usual Van Hove function. In (24) both the ensemble average
{-~> and the time evolution operator are for the system with potential
energy %o (R"). It should be noted that the definitions of G(R;R,Q,Q,7)
and G(R;R,¢) given in (7) and (23) differ from the original definitions of Van
Hove by a factor p~1; the normalization used here preserves the customary
definition for the static pair correlation function [e.g., Eq. (16)].

In the case of free rotation it is possible to factorize the self- and distinct
parts of G(R;R,Q;Q,7) into parts depending on molecular centers and molec-
ular orientations. The function % in (3) is then independent of molecular
orientations, and the Hamiltonian separates into parts Hy*" and H® which
depend on center-of-mass and rotational coordinates, respectively. Further-
more, from (5) the Liouville operator undergoes a similar decoupling,
Ly = Lirers 10, Moreover, these last two operators commute, so that
(4) becomes

St — S}iranSStI‘Oﬁ (25)

where S describes the center-of-mass motion and S7°* describes the
rotational motions. When these results are substituted in (7) and i = j and
i # jterms are considered separately, we obtain

Ga(R;R,Q, Q1) = G4(R;R52) (26)
Gy(R;R;Q,Q5t) = N,G(R1R21)G(€2,Q1) (27

where G(R.R,¢) and G(Q,Qyt) are given by (20) and (22), respectively.
Spherical harmonic expansions for the rotational time correlation function
G,(Q,Q,1) have been studied by several workers for the case of free rotation.
Thus Sears 16-18 has calculated the first few terms in such a series for homo-
nuclear diatomic and tetrahedral molecules, while Steecle and Pecora@®
and St. Pierre and Steele™® have considered more general shapes. Such
expansions converge rapidly, so that the first two terms are usually sufficient
to give a satisfactory approximation. [We note that the function G(Q,Q,?)
used by Sears is (N,,/Q?) times the function G, Q,¢) used here.]

For the case that the translational and rotational motions are strongly
correlated, only the diffusion limit (cf., e.g., Maeda and Saito,® Schaefer
et al.*®) seems to have been discussed.
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For weakly coupled translational and rotational motions, a perturbation
treatment should prove satisfactory. In the appendix we outline the formal
development of such a theory, using as a reference a system of freely rotating
molecules. We write the potential as

U =Yy + U, (28)

where %,(R¥) = {U)>.~ is the isotropic part and %, is the anisotropic
part. One useful result of the perturbation treatment is that the centers
correlation function is equal to the reference centers function to first
order:

G(R,R,1) = Go(R;Ryt) + O(22) (29)

where G, corresponds to %,. An analogous result for the static case was
proved by Ananth et al.'¥ In the static case, one knows from Monte Carlo
studies (Wang et al.®¥; Verlet and Weis®®) that the higher order terms in
(29) are negligible even for strong multipolar forces in liquids; for strongly
anisotropic overlap forces there are significant differences, however.

3. THE DYNAMIC STRUCTURE FACTOR

We assume that all molecules are in their ground electronic states, and
that classical statistical mechanics applies. In the first Born approximation
the neutron differential scattering cross section for all nuclei in the sample
is given by

d?c k 1
A0 dw ~ 2

<Z bubysexpl—ia-nO] ol —ig-r,()] ) G0

dt (exp—iwt)

where k, and k are the initial and final wave vectors, q = k, — Kk, fiw is the
energy transferred to the neutron in the scattering process, b,, is the bound
scattering length of nucleus « in molecule 7, and r;{¢) is the vector location
of nucleus § in molecule j at time ¢.

Summations over i and j are over all molecules in the system, and sum-
mations over « and B are over all the nuclei in a single molecule. Angular
brackets here indicate both a grand canonical ensemble average, and also
an averaging over isotopic species and nuclear spin states. Assuming that
there is no correlation between nuclear spin states and particle positions or
velocities, or between the nuclear spins themselves, it is possible to perform
the averaging over nuclear spins and isotopes separately: .

SN

bibig = boby + [bighss — Bobsl = bobs + [b2 — Bo?] 8,8 (31
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In (31) bars over b, and b,? indicate averaging over both nuclear spin states
and isotopic composition; b, is the mean coherent scattering length and
Bine,o = [bs® — b1 is the incoherent scattering length, each for nucleus «.
From (31) and (30), the cross section may be separated into coherent and
incoherent contributions

% = ;%Nm{ (Z Ea) 28(qu) + (Z b?m,a)Ss(qw)} (32)

where N, is the average number of molecules in the system, and S(qew) and
Si(qw) are the coherent and incoherent dynamic structure factors, given by

Sqw) = (1/27) f " gt et(qr) (33)

Staw) = (1/2m) | " dt et (qr) (34)

In (33) and (34) the coherent and incoherent intermediate scattering
functions I(q¢) and I(q¢), have been introduced, and are given by

fw) = [1/m(35.)) > 65, <Z expl[—ig-r,(0)] exp[iq-rjﬂ(t)1> (35)
@) = (1M 3 bh) 5 bl <z exp—iq-1,(0)] exp[iq-rm(r)]> (36)

It is convenient to separate those structural effects that arise from inter-
molecular correlations from those arising from intramolecular correlations.
We therefore write

Tie = R; + Koo (37

where R; is the vector locating the center (arbitrarily defined) of molecule §
and r,;, is the vector from the center of molecule i to the « nucleus of {. We
also define F,(q€2;) and F(qQ;) by (Gubbins et al.®)

Fa(qu) = exp(iq'rcia) (38)
Fa2) = |3 b.ra0)| [, (39)

F(q€) is proportional to the scattering amplitude for molecule 7/ in the
orientation €2;. Substituting (37) into (35), and separating the i = jand i # j
terms in the ij summation, we obtain, with the use of (38) and (39),

I(qt ) = Iintra(qt ) + Iinter(qt ) (40)
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where

Lal0) = (1/Nm)<2 {explig-(R(r) — R,-(O»]}F(qﬁzi(t))F(qﬂi(on*> @)

Lner(@?) = (NZ) D {explig-(R(t) — RAO)BF@Q))FQO0)* > (42)
&

Here I,...(q¢) corresponds to the single-molecule part of the coherent
scattering, and is independent of the choice of molecular center; I (qf)
corresponds to the intermolecular part of the coherent scattering. The
corresponding expression for the incoherent intermediate scattering function
is obtained from (36)—(38) as

1) = (1 / NaS b) S b
x <_Z fexplig-(R() — m(O))]}Fa(qu(t))Fa(qu(O»*> @3)

We now specialize to the case in which the molecules may be treated as
rigid structures, i.e., internal rotation and vibration effects may be ignored.
Equations (41)—(43) can be expressed in terms of the time-dependent angular
pair correlation function. Thus (41) is equivalent to

Lin(qt) = (1/N,) f dR, dR, dQ; dQ, {exp[iq-(R; — R)IIF(qQ)*F(q€3,)
x (38R = R(O) 3R — R(1) 8 - ()

x 8(Qy — Qi(t))>
which, together with (5), becomes
Iinera(q?) = deRlz [exp(—iq-R12) KGR R,Q; Qqt )F(q€2))* F (9Q2)0,0, 44
Here Ry, = R; ~ R, and {--)q o, has the meaning given in (14). In (44)
the fluid is assumed to be homogeneous, but it is not necessarily isotropic.

The corresponding expressions for ,...(q¢) and I(qt) in terms of distribution
functions are obtained from (42), (43), (5), and (6) as

Linier(qt) = p f dRy; [exp(— i‘l'R12)]<Ga(R1RzQ1ta)F(qﬂl)*F(qua»szlnz (45)

Iqt) = (p / ) bm) 3, b | e

x [exp(—iq- R12)1<Gs(R1R2Q1ta)Fa(qgl)*Fa(qu»ngz (46)
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Finally, from (33), (34), (40), and (44)-(46), the coherent and incoherent
dynamic structure factors are given by

Staed = i2m) [ dt exp(—ian)] [ aR,

x [exp(—iq-R;5)IKG(R,RQ; Qo) F(q€2, ) * F (‘192»9192 47)

5.00) = (o203 bhus) 3 b |7 artexs(—ion [ am,

x [exp(—igq-Ry2) KGR R Q Qot ) F(qQ1)*Fo(qQ2) 0,0, (48)

In contrast to the case of monatomic fluids, it is not possible to invert
Eq. (47) or Eq. (48) to obtain the time-dependent angular pair correlation
functions.

4, LIMITING CASES

We now briefly consider various limiting conditions for S(qw). For
monatomic fluids both F,(q€%;) and F(qQ;) reduce to unity, and (32), (47),
and (48) become the usual equations,

Ao _ K Nufb?S(qw) + bioSdqw)} 49)
dQde Kk, " mers
with

sta) = £ [ dtexp(—ion)] [ dRus lxp(—ig RIGRR)  (50)

Sae) = £ [ defexp(—iwn)] [ dRufexp(~ig-RDIGMRRaD) (D)

In these equations G(R;R,t) is the usual Van Hove function, given by (24).

The static limit is obtained in the usual way, by integrating the differential
scattering cross section over all values of the energy transfer w. Thus, from
(32), (47), (13), and (14), together with the static approximation (replacement
of k/k, by unity),

(Uofd0)anr = Na( 3B [ S(qu) do = N3 be) Smn(@) + o)
where e

Sinera(@) = | Fq2)|®e, (53)
Sineer(q) = p f dR,, [exp(—iq-R o) KgR RO Q) F(qQL)* F(qQ2) 0,0, (54)
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Similarly, the static limit for the incoherent cross section gives
(do/dg)inc = Np Z biznc,a (55)
[/ 4

from (32), (48), and (13). Equations (52)-(55) have been previously derived
elsewhere (Gubbins ef al.®)
The limit g — 0 gives F,(qQ;) = F(q®;) = 1, so that (47) and (48)
then become
S(0w) = [pkTx + Np] 8(w) (56)
Si(0w) = 8(w) (57)
as for monatomic fluids; here y is the isothermal compressibility. In (56)
the term N, 8(w) represents forward scattering, and is omitted by some
authors. The g — oo limit corresponds to neutrons scattering from individual
nuclei. Thus I;,...(q¢) vanishes for all ¢ in this limit, while the other parts of
the intermediate scattering function vanish except at ¢ = 0, where they are

given by
(o) = 3 8 [(38.)’ (58)

I(00) = 1 (59)

It is readily verified that these results agree with those already derived for
g — oo in the static limit (Gubbins et al.®®}; thus

S(00) = Iiptra(00) (60)

In the free rotation limit the intermediate scattering function factorizes

into a translational and a rotational part. Thus, from (44)—(46) together with
(26) and (27) the free rotation expressions are

I(qt) = I**™s(qt)];°%(q?) (61)
Lino(qt) = IFo5(qt)5a(qt) (62)
Iln!;er(qt ) = Ifﬁ?é?(‘l’)ﬁ%r(‘l) (63)

where
Imm(qr) = p f AR, [exp(— iq-Ry)|G(RyRot) (64)
I5252@r) = p [ dRa lexp(— ig-Ruz)]GaRiRo1) (65)

1) = (Na 3 bhos) 3, B (G0 o020 FolaaDons0 (66

I25.(qt) = Nu(G(Q:Q:1)F(qQ1)*F(qQ2)> 0,0, (67)
IR(g) = <F(qQ))3, (68)
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5. SPECTRAL MOMENTS

The lower order spectral moments were worked out for atomic fluids
by Placzek“? and de Gennes.® Here we give a few simple lower order
moments for homonuclear diatomic molecules, and comment on possible
uses of these moments, The moments up to fourth order will be derived for
general polyatomic molecules elsewhere (Mo ez al.%).

The nth moment of the coherent spectrum is defined as

+ o
M) = f des S(qes)es™ (69)
with a similar expression for moments M(n) of the incoherent spectrum
Ss(qw). The normalizations of S(qw) and Sy(qw) are such that M(0) = S(q)
and M(0) = 1. For classical systems the odd moments vanish since S(qw)
and Sy(qw) are even functions of w.
From (33) and (69) we find that

M(n) = (—i)"[o"1(qt)/01™ ] =0 (70)

From (70), (35), and (36) we find the following expressions for a homonuclear
diatomic molecular fluid:

MQ2) = H&T/m)q*[5 + jolgh) — 2j(gD)] (7D
My(2) = (5/3)(kT|m)q* (72)
M4) = 4—53’ (%)2 ¢+ 3‘1—;2 [<F2> + ;12<72> + 32("‘7T)2] 73)

In these expressions m is the molecular mass, / is the bond length, and j(x)
is a spherical Bessel function. (2 is the mean squared force on a molecule,
and {72?) is the mean squared torque.

The expressions (71) and (72) have been derived previously by de Gennes.®
In Fig. 1 we plot the function

Jx) = 35 + jo(x) — 2ja(x)] (74
where x = ¢/, and which appears in M(2). It is seen that f passes through a
minimum at x,, ~ (5/4)=. Hence, from a plot of M(2)/¢? vs. g, one can obtain
the bond length in the liquid from the relation ¢,/ ~ (5/4)=.

From (73) it is seen that the fourth moment of the incoherent spectrum
involves the mean squared torque, as well as the mean squared force term
which occurs for atomic liquids. The AT terms also differ from the atomic
fluid case because of the rotational kinetic energy of the molecules. We have
studied the influence of anisotropic intermolecular potentials on M (4) using
a pair potential of the form

U(R12Q, Q1) = ug(Ryz) + ta(R122,Q2) (75)
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f(x)

0.8 |

0.7 — L — 4 X
o} v 21

Fig. 1. The function f(x), defined by Eq. (74), which appears in the equation for M(2)
for homonuclear diatomics.

where u#(R;,) is the Lennard-Jones (12, 6) model, and u,(R;,Q,Q,) is either
a dipole-dipole or a quadrupole-quadrupole interaction. Monte Carlo
calculations using this potential model are available for both the mean squared
force (Gray et al.®) and the mean squared torque (Twu ef al.®V). Figure 2
shows a sample calculation of the reduced fourth moment, given by

M[4) 43 q*® [<F® 4 (% 32T*?
ik e [ RS o L
at g* = 5 for two values of the reduced bond length. Here « and o are the
Lennard-Jones parameters, T* = kTJe, g* = qo, and [* = [/o. The effect of
the anisotropic forces is less at larger g* or T* values. In principle the fourth
incoherent moment provides an experimental method for estimating the
mean squared torque, if the mean squared force is known, and vice versa.
Other experiments depending on the mean squared torque and the mean
squared force are reviewed by Twu et al.®Y and Gray et al.*®, respectively.

It is difficult to compare the theoretical moments (71)—(73) with moments
derived from neutron data, because of the accuracy needed in the wings of
the spectrum. One potential use of these moments is in conjunction with
molecular dynamics data for S{(qw) and Sy(qw) for molecular liquids, as has
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Ms(4) x 1073
(elma?)?

Strength Constant (u*2 or Q*2)

Fig. 2. Fourth moment of the incoherent spectrum for homonuclear diatomic molecules
having the intermolecular potential given by Eq. (75), based on Monte Carlo data.
Results are for dipolar (curves labeled px) and quadrupolar (QQ curves) potentials at
reduced bond lengths /* = 0.3 (solid lines) and /* = 0.6 (dashed lines). The state con-
dition is p* = 0.800, 7* = 0.719, and all curves are for g* =

been done for atomic liquids (Nijboer and Rahman“!’). The moments also
provide a check for theoretical models of S(qw) and S{qw).

6. SUMMARY

The time-dependent angular pair correlation functions G(R;R,Q,Q,¢)
and G(R;R;Q,;Q,¢) have been introduced and their properties discussed.
These functions provide the most natural theoretical framework for the
interpretation of the inelastic neutron scattering functions S(qw) and S{qw)
for molecular liquids. Most models to date for the time-dependent angular
correlation functions have assumed uncorrelated translational and rotational
motions. This approximation should be tested more extensively. The lower
order frequency moments of S(qw) and S{qw) have been evaluated exactly
for diatomic molecules. The fourth moment of S (qw) depends on the mean
squared torque acting on a molecule, as well as on the mean squared force,
and in principle provides a means of obtaining information about the nature
and strength of the forces in the fluid. Alternatively, these moment results
can be used as sum rules to check molecular dynamics results or theoretical
models for S(qw) and Sy(qw).
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APPENDIX. PERTURBATION THEORY FOR THE ANGULAR
VAN HOVE FUNCTION

We consider “real” and “reference” systems with potentials Z(R¥QY)
and %,(R"), respectively, where

WUo(RY) = CURTQY>or = (1/Q) f dQY URYQY) (A.1)

The perturbing potential is % (R¥QY) = % — %,. The Liouville operator
(5) splits into

=%+ % (A2)
where
X TeHy o U, 0O 0Hy 0

P o= _; =y, 2P0 7o __l—J A3
0 ,Zl[apj oR, OR; Op;  pg, 00 (A-3)

< [oHy @ U, o
PR [0 a-—] A4
,Zl [an P, dR; op; B4

The perturbation theory for general time correlation functions <A(0)B(¢)>
in the canonical ensemble has been derived by Harris™ {cf. Gubbins® for a
review). Applying the general result to (8), we get to first order

<p(R1€240)p(R,Q52)> = {po(R1Q2:0)po(Ry Q01 )
- Ig<%aPO(R1910)Po(R2Q21 Yo

t
+ if dr <P0(R1910)Sz°$aP0(R292t - "')>o (AS)
0

where po(RQ2) = S,°p(RQO) is the time-dependent density in the reference
system, and {--->, indicates a reference system ensemble averaging.

In principle (A.5) allows one to calculate the angular Van Hove function
from spherical reference system time correlation functions.

To calculate the correlation function of the centers G(R;R,t) from (A.5)

we use (20) to get
G(R;Ry1) = Go(R,Rat) — (Q%/ Pz)ﬁ<%aPO(R10)P0(R2t)>O

t
+ (10%p%) j dr {po(R10)S,°Z,po(Rst ~ 7)o

The reference averaging <{--->, contains the unweighted angular average
{++->q¥, which annuls the %, term by virtue of (%, >o¥ = 0. The time integral
term vanishes as Z,p(Ryt — 7) = 0; this follows because p, is independent
of the py’s and (% .,>oN = 0. Thus to first order

G(R;Rt) = Go(R;R,?) (A.6)
as stated in (29).
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